Let R be a graded Noetherian domain and A a graded Krull overring of R. We show that if h-dim R ≤ 2, then A is a graded Noetherian domain with h-dim A ≤ 2. This is a generalization of the well-known theorem that a Krull overring of a Noetherian domain with dimension ≤ 2 is also a Noetherian domain with dimension ≤ 2.
Let R = ⊕ γ∈Γ R γ be a commutative ring with identity graded by an arbitrary torsionless grading monoid Γ. That is, Γ is a commutative cancellative additive monoid with torsion-free quotient group G = ⟨Γ⟩. A torsionless grading monoid can be given a total order compatible with the monoid operation [2, Corollary 3.4] . This is used in many referenced materials.
This paper continues the study of graded Noetherian rings begun in [7, 8] . In particular, we will show that, if R is a graded Noetherian domain with h-dim R ≤ 2, then each graded Krull overring of R is graded Noetherian with h-dimension ≤ 2. This is a graded version of the following Heinzer Theorem [3, Theorem 9]: If D is a Noetherian domain with dim D ≤ 2, then each Krull overring of D is again Noetherian with dimension ≤ 2.
The graded ring R is called a graded Noetherian ring if R satisfies the ascending chain condition on homogeneous ideals, or equivalently, if each homogeneous (prime) ideal of R is finitely generated. The h-height of a homogeneous prime ideal P (denoted by h-ht P ) is defined to be the supremum of the lengths of chains of homogeneous prime ideals descending from P and the h-dimension of R (denoted by h-dim R) is defined to be sup { h-ht P | P is a homogeneous prime ideal of R}.
If R is a Γ-graded integral domain, then the set S of nonzero homogeneous elements of R is a multiplicatively closed set. The quotient ring Let r be the leading coefficient of a homogeneous polynomial f ∈ J of degree n in X. Then r is the leading coefficient of Xf and Xf is a homogeneous polynomial in J of degree n + 1 in X. Hence I 0 ⊆ I 1 ⊆ I 2 ⊆ · · · . Since R is a graded Noetherian ring, there exists an integer t such that I n = I t for all n ≥ t. Furthermore, each I n is finitely generated, say I n = (r n1 , r n2 , . . . , r nin ), where each r nj is the leading coefficient of a homogeneous polynomial f nj in J of degree n. Observe that f 0j = r 0j ∈ R.
We
For the opposite inclusion, let f be a nonzero homogeneous polynomial in J of degree k in X. Use induction on k. If k = 0, then f ∈ J ∩ R = I 0 ⊆ J ′ . Assume that k ≥ 1 and that every homogeneous polynomial in J of degree less than k is in J ′ . Let r be the leading coefficient of f .
If k ≤ t, then r ∈ I k and hence r = s 1 r k1 +s 2 r k2 +· · ·+s i k r ki k , where each s j is a homogeneous element of R and each s j r kj belongs to the same homogeneous component of R. Therefore, the polynomial ∑ i k j=1 s j f kj is a homogeneous polynomial in J ′ . Note that f and ∑ i k j=1 s j f kj belong to the same homogeneous component of R[X] and that they have the same leading coefficient r and the same degree k in X.
If k > t, then r ∈ I k = I t and r = ∑ it j=1 s j r tj , where each s j is a homogeneous element of R and each s j r tj belongs to the same homogeneous component of R. Note that (
It also can be made into an N 0 -graded ring by defining
Both graded rings are graded extension rings of R in which X is a homogeneous element. Note that X + Y is not a homogeneous element in the first grading, while it is a homogeneous element in the second grading. Thus R[X] has many distinct gradings which extend the grading of R and in which X is a homogeneous element.
A graded integral domain R is called a graded PID if each homogeneous ideal of R is principal (generated by a homogeneous element). Proof. Let I be a nonzero homogeneous ideal of R[X]. Choose a nonzero homogeneous polynomial g in I of minimal degree in X. Since its leading coefficient is a nonzero homogeneous element of R, it is a unit element. Therefore, we may assume that g is a monic polynomial. We claim that I = (g). Let f be a nonzero homogeneous polynomial in I. By division algorithm, there exist q, r ∈ R[X] such that f = gq + r, where r = 0 or the degree of r in X is less than the degree of g in X. Note that q and r are homogeneous polynomials.
Since r = f − gq ∈ I, by choice of g, r must be zero. Thus f = gq ∈ (g).
Thus 
, is a graded Noetherian domain with the unique maximal homogeneous ideal M V * . Since M V * is principal, h-ht M V * = 1 and hence M V * is the unique nonzero homogeneous prime ideal of V * . Moreover, it is principal. Therefore, V * is a graded DVR.
Since R is a graded Krull domain, by [1, Theorem 5 .15] we can write R = ∩ V α , where the intersection is homogeneously locally finite and each V α is a homogeneous overring of R which is a graded DVR. Then
Since each V * α and R S [X] are graded Krull domains, by [1, Theorem 5 .15] again, it suffices to show that the intersection
is homogeneously locally finite. Consider a nonzero homogeneous element f = a 0 +a 1 X +· · ·+a n X n of R[X]. We may assume that each a i is a homogeneous element of R. If a i ̸ = 0, then a i is a nonunit in only finitely many V α 's, say V 1 , V 2 , . . . , V m . Then for each α ̸ = 1, 2, . . . , m, f 
Then P ′ is a homogeneous prime ideal of R properly contained in P and hence h-ht P ′ ≤ n − 1. By the induction hypothesis, h-ht P ′ [X] = h-ht P ′ and h-ht Q n ≤ h-ht P ′ + 1 ≤ n. But since h-ht Q n ≥ n, we have h-ht Q n = n and h-ht P ′ = n − 1. Therefore, P ′ [X] ⊊ Q n ⊊ Q n+1 = P [X]. This implies that, in the graded Noetherian domain (R/P ′ )[X], h-ht (P/P ′ )[X] ≥ 2. But since P/P ′ is a nonzero minimal homogeneous prime ideal of R/P ′ , (P/P ′ )[X] is also a nonzero minimal homogeneous prime ideal of (R/P ′ )[X] by the above lemma. This contradiction proves that h-ht P [X] ≤ n. Now we will prove h-ht Q ≤ n + 1. Let Q ′ be a homogeneous prime ideal of R[X] properly contained in Q. If Q ′ ∩R = P , then by Corollary 5, we must have Q ′ = P [X] and hence h-ht Q ′ ≤ n. If Q ′ ∩ R ⊊ P , then h-ht (Q ′ ∩ R) ≤ n − 1. By the induction hypothesis, h-ht Q ′ ≤ n. Therefore, h-ht Q ≤ n + 1. □ , we may assume that x ∈ R. Then Q ′ ∩ R ⊋ P := Q ∩ R ⊋ (0). Therefore, h-ht P = 1.
Let S, T be the sets of nonzero homogeneous elements of R, A, respectively. Then R S\P is a graded Noetherian domain with h-dim R S\P = h-ht P = 1, A T \Q is a graded extension ring of R S\P , and the homogeneous quotient field A T of A T \Q is finite over the homogeneous quotient field R S of R S\P (by assumption). Therefore, by the above lemma, A T \Q /QA T \Q is finite over R S\P /P R S\P . Note that A T \Q /QA T \Q , R S\P /P R S\P are the homogeneous quotient fields of A/Q, R/P , respectively. Since A/Q is a graded extension ring of R/P and R/P is a graded Noetherian domain with h-dim (R/P ) = 1, by the above lemma again, A/Q is a graded Noetherian domain with h-dim (A/Q) ≤ 1. □ Finally, as a corollary, a graded version of the Heinzer Theorem can be obtained. 
